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Exact Solutions to the Oscillations of Composite Aircraft Wings
with Warping Constraint and Elastic Coupling

Gabriel A. Oyibo* and James Bentsont
Polytechnic University, Farmingdale, New York

Exact solutions within the framework of standard aeroelastic bending and twisting assumptions are found to the
free oscillations of composite aircraft wings with warping constraint and elastic coupling. The problem is treated
as a regular boundary-value problem consisting of two fourth-order partial-differential equations coupled by the
presence of elastic coupling. This system, which is linear, is therefore equivalent to an eighth-order ordinary-differ-
ential equation. Classical linear “operator” methods are used to extract fundamental solutions that are superim-
posed appropriately to obtain an exact functional form for the mode shapes. These mode shapes are then required
to satisfy the necessary boundary conditions, a process that leads to the formulation of the required eigenvalue
problem. The eigenvalues are extracted numerically by using appropriate ordering of the eight roots of the operator
equation. The bending-torsion frequencies obtained as a result of this analysis are compared favorably with existing
results. New insights made possible by these results, which are preliminary, appear to be that 1) the first coupled
frequency decreases with increasing coupling, and 2) the phenomenon of modal transformations found by earlier
investigators is explainable in terms of some conservative intermodal energy transfer.

Nomenclature

a; = chordwise integrals

€05Co = affine space half-chord and chord,
respectively

D, = ¢lastic constants

D*D¥ = generic nondimensionalized stiffness
parameters

e = parameter that measures the location
of the reference axis relative to
midchord

(A hy) = wing box depth and affine space
bending displacement, respectively

k, = nondimensionalized frequency
parameter

4o = affine space half-span for the wing

L,L, = generic nondimensionalized stiffness
parameters

Ly, M, = affine space running aerodynamic lift
and moments, respectively

m, = affine space mass per unit span

(AP,APy) = differential aerodynamic pressure
distributions in physical and affine
space, respectively

1.t = generic nondimensionalized stiffness
parameter and time, respectively

u,U, = virtual work expressions in physical
and affine space, respectively

w = displacement

(x,3,2,), (x9,¥0,20) = physical and affine space coordinates,
respectively

o = affine space torsional displacement

PP = affine space material and air density,
respectively

, = vibration frequency
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Introduction

ERHAPS one of the more elusive aspects of superman-
euverability as a design concept is its aeroelastic implica-
tions. One generally accepted definition of a supermaneuver-
able aircraft is that it is designed to operate at high angles of
attack. Strictly speaking, high-angle-of-attack problems are
nonlinear. However, due to the high degree of complexities
involved in dealing with nonlinear aeroelastic problems, an
aeroelastician would prefer to deal with a linearized version of
the problem (at least as a first approximation). If linear
aeroelastic equations are used under such conditions, at least
it should be assumed that the high angle of attack would
introduce large twisting displacements, which would imply
that terms containing twisting displacement should be re-
tained. Even under low-angle-of-attack assumptions, the early
works of Reissner and Stein' and later works of Librescu et
al.2 have shown that for metal wings, there are conditions
under which the so-called St. Venant’s torsion principle is
inapplicable. This is when the restraint of the warping (an
assumption that plane sections remain plane during deforma-
tion) effect is important, and a more accurate analysis would
need to include a higher-order term involving the twisting
displacement. Although the retention of such a term implies
solving fourth-order (instead of second-order) differential
equations for the twisting and bending displacements, the
equations can easily be decoupied for metal wings. However,
for composite wings, the decoupling of these equations is
neither easy practically nor even desirable from an aeroelastic
tailoring standpoint.>~7 These studies have also shown that
the restraint of warping is very important in composite wings.
Therefore, it would seem that an aeroelastic analysis of a
supermaneuverable (high-angle-of-attack) aircraft wing fabri-
cated of composite materials would need to consider the
effects of restraint of warping as well as elastic coupling.
Previous investigation of this latter problem (free vibration)
at MIT>* used analytical methods to solve the decoupled
problem, while numerical methods were utilized to solve the
coupled problems. Consequently, general results were pre-
sented for the decoupled problem, while representative results
were presented for the coupled problem.
In this paper the coupled free vibration is treated analyti-
cally as a pair of coupled fourth-order differential equations
(a boundary-value problem) to which exact closed-form
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eigensolutions are sought. The enforcement of the necessary
boundary conditions resulted in a fairly complicated transcen-
dental function to be used to determine the required eingen-
values from which the natural frequencies are to be obtained.
This transcendental function was complex in contrast to its
decoupled counterpart, which is real. That should indicate the
presence of the phase angle that exists between the twisting
and bending displacements. A comparison with a damped
(decoupled) system in which a complex determinant signifies
phase angles between damping and other forces led us to the
formulation of an explanation for the “modal transforma-
tion” phenomenon, which was reported in studies at MIT>*
and Purdue® (and which seemed to have lacked explanation
until this study). The explanation is that the modal transfor-
mation may be viewed as a form of steady-state conservative
intermodal energy transfer between the vibration modes (en-
ergy stays in this system since there is no damping). In fact,
work currently in progress at Purdue® seems to confirm this
explanation. The results, which compared favorably with
those obtained at MIT,>* also revealed that coupling has a
tendency to lower the first coupled natural frequency of a
composite aircraft wing. In fact, it is seen that a substantial
amount of coupling could reduce the first coupled frequency
to almost zero (hence, a possibility of coupling with rigid-
body modes).

Problem Statement
For a composite aircraft wing cantilevered at the root as

shown in Fig. 1, the virtual work theorem in the physical
space is given by

_ é
5U=O=_ [Dll(wxx)2+2D12wxxwyy
2 Ja | o

+ Dy(w,,)?] +4Dgw W ., + 4Dsw

Yy W,yy

t
+4Dgs(w_,)* dx dy dr — gj J Jpﬁn’)z dx dy dt
0 Ja

+jtf J.Apéwdxdydt @))
0 JA4a

Using the following affine transformation of variables,
¥ = Yo, z =1z, (2a)
Then in affine space the virtual work theorem becomes
80,=0=2 J: L J{(w,x(mf +2D*(1 — )W . 1p,)>
T ovoWororol ¥ Wy00)® + LiW oo Wearo

o[ .
+ LaW,y600W,xqr0} 40 dyo dt—zj J JPOWZ dxo dy, dt
o J4

+I j f Apodw dx, dy, dt (2b)
0 JA

EFig. 1 A laminated plate model of a composite aircraft wing.
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where
_ U [(Dyy\" Dy, +2Dg
U°=D_(D_> . D=y G
22 11 ( 11 22)
D, 4D,q
eD¥=—u- = L =———r———— (3b)
Dy, D)2 T (D)D)
4Dy Ap ph
L el ey A =, = —_— 3
2= D)D) YD, =, 9

If the affine space equivalent of the standard aeroelastic
displacement assumptions is made, i.e.,

w(Xg,Y0,) = ho(¥o,t) + Xp%(Yost) - . - “)

where hy and «, are the bending and twisting displacements,
respectively, then it can be shown through the use of the
calculus of variations that a coupled set of aeroelastic equa-
tions of motion for the composite aircraft wing in which the
restraint of warping and elastic coupling effects are accounted
for is given by

ah + aal — asaf + poarhy + poaréiy = Ly (52)
ahE + ash + aaf) — a 04+ poasio + poarhy= M, (5b)

with boundary conditions

rat yo=0

ho=0, hy=0, =0, =0 (6a)

at yo =/,

asag+ a hg— Lrayoq=0, ahg—asag+aaq=0  (6b)

aag +ajhg —asag=0 (60)
ahy + azog +ashy —azaq=0 (6d)
where
*co &0
a = dx,, a,= xo dx, (7a)
Jeco e

"o Co
ay=1 x3dx,, a4=2f D*(1 —¢) dx,

€0

(7b)
"o o
Ly= Apydx,, as= J. L, dx, (7c)
Jeco eco
("co
M,= Xo Apy dxo (7d)
Jeco
- Co
—w<e<0, Gy = (7e)
I—e
0 . 0
) = ) =% (7

For free vibrations, if a, (through the geometric construction
of the wing) is made to be zero, Egs. (5) reduce to

a,h§ —asag + Poalno =Ly=0

a0l + ashy — a0” + poastio = My=10 (8a)
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with boundary conditions

at y=0

at yo=17¢,
ahy =asag =0, ahg—asay=0

asag +ashg —a,00=0 (8b)
It may be stated here that the restraint of the warping effect

is represented by the product of «'V and a,, while the elastic
coupling effect is represented by the a5 terms.

Methods of Solution

Two methods for solving Eqgs. (8) are examined in this
paper. These are 1) an “exact closed-form” approach, and 2)
a “semiexact closed-form” approach. The exact closed-form
approach is defined here as one in which explicit expressions
are derived for the eight roots of the eighth-order operator
equations representing Egs. (8a), and through the superimpo-
sition of fundamental solutions corresponding to each of the
eight operator roots, the boundary conditions of Eqgs. (8b) are
satisfied. The semiexact closed-form approach is the same as
the exact, except that the roots of the operator equation are
determined numerically through some standard root extrac-
tion subroutines.

In either case, to solve for the operator roots of Egs. (8a),
they may be rewritten in operator form as follows:

Lihy— Lydy =0 (92)
Lyby+ Lydy =0 (9b)

where the operators L, (n = 1,2,3) are given by

_ o4 ) _ a3
Ll:ala_y{’;_alw Po» L2=a5%g (10a)
E3=a3g§—a4%—a3w2po (10b)
and
ho = hoe™ (10c)
o = Gge™™ (10d)

where  is vibration frequency. Following the method used in
Hildebrand,” if L, and L, are commutative (i.e., L,L,=
L,L) or L, and L, arc commutative (i.e., E2L3 L3L2)
either A, or d, may be eliminated and Egs. (9) are reduced to
one eighth-order operator equation in either &, or A,, respec-
tively. This can be accomplished by using L, to operate on
Eq. (9a) and L, to operate on Eq. (9b) and subtracting Eq.
(9a) from Eq. (9b), or by using L, to operate on Eq. (9a) and
L, to operate on Eq. (9b) and subtractmg Eq. (9a) from Eq.
(9b). The result of such an operation in which 4, is eliminated
is given by

G+ Fx+ Fx? + Fi %+ Foag=0
. where
Fy= 1622,

F,=—k2, F, =8(kA.)?

k4 _ 0 \?
Fo=7, x=(a—yo> (1)
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It should be noted here that because the method of elimina-
tion of ki, is through a differential operator, superfluous
solutions are to be expected [e.g., operator (11) is eighth-
order instead of fourth-order]. These superfluous solutions are
eliminated by enforcing some consistency conditions on the
solutions as will be described. Based on Egs. (11), an appro-
priate form for the exact closed-form (or complete) solution
for the mode shapes of the free vibration problem proposed in
this paper, which can also be made to satisfy the necessary
boundary conditions, is given by

ho = A, coshB, yo + A, sinhB, y, + A; cosp, y,

+ A, sinfl,yo + As coshfsy, + Ag sinh By,

+ A7 cosByye + Ag sinfi,y, (12a)
%o = B, coshf, yo + B, sinhB, y, + B; cosB,y,

+ By sinfl;yo + Bs coshBs y, + Bg sinhp; y,

+ B; cosflyye + By sinfaye (12b)

where v

B, =xl2, n=1234 (13)
and X, can be obtained either from the numerical solution of
Egs. (11) or according to the method described in Abramow-
itz and Stegun,'® as follows. Define

/ / L%
he=sleo) [5D8, . =(folco) D*—; (14

P, = 4(14 + 24) - 8/31313 +E (15a)
_.l 212 E
_6(32uc 4 (15b)
S, = 26kP, + (E2P3 — 8P3) 123 (16a)
S, = 28kP, — (E2P3 — 8P3)V2]1/3 (16b)
2
u1=S1+Sz—% (172)
k2 3
U, = —% S +89,)— +l—\/—_(S1 S5) (17b)
EZ
uy = ——(SI+SZ)———+I—£(S1 S,) (17¢)
fra= —8T2 F[64T¢ +u, + £ (182)

(35

et (5 -5 (18b)

. _ThEJA-Ys +—f4¢\/f%—4f6 (19)
=5 3.4 —————2

X1,2 2
where u; (i = 1,2,3) is the root that makes f; 456 all real.

Consistency Conditions

From Egs. (12a) and (12b) it is seen that there are 16
arbitrary integration constants as opposed to the expected
eight constants. The additional eight constants have been
introduced superfluously as a result of the differential opera-
tion, which was done in order to eliminate one of the depen-
dent variables in the two coupled differential equations, Eqs.
(9). In order to get rid of these superfluous solutions it is
necessary to enforce some consistency conditions. This may be
accomplished by substituting Eqs. (12a) and (12b) into one of
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/

Eqs. (9) and requiring the equation to be satisfied identically.
This procedure establishes a set of explicit relationships be-
tween the constants 4, and B, in which 4, can be determined
in terms of B, or vice versa.

When the superfluous solutions are eliminated, Egs. (12)
can now be used to satisfy the boundary conditions for this
problem [Eqgs. (8b)]. Consequently, the condition for nontriv-
ial solutions is enforced to obtain the transcendental func-
tional expression for determining the eigenvalues of this
problem.

Eigenvalues

The following steps and definitions are carried out in order
to obtain the transcendental functional expression for deter-
mining the necessary eigenvalue (for this eighth-order
boundary-value problem) from which the coupled natural
frequencies may be obtained. Define

heBi-g.  L=Fi-ph Q0

k, =% , =% (20b)

t, =16(A7 — DB +(—D"*! % (6 +(—D)"1642] (21)
a37=2+}}::2, %F%, az Jé:}/% (22b)
Qi = %:—% g = 2 — g‘l‘ (22¢)

Fs; = —B3a;s sinhB; + B3ays sinf, + B3 sinhf;  (23a)
Fgy = Blays coshB; — B3ays cosf, + B3 coshf;  (23b)
F,, = B3a,, sinhf, — B3ay, sinf, + B3 sinf, (23¢)
Fy, = B3a,g coshf, — B3ass cosP, — B3 cosp, (23d)
Fs, = hyays sinhB; — Aay5 sinB, — Ay sinhf, (23¢)
Fe = —h ay5 coshB; + hra,e cosB, — Ay coshfy  (23f)
F,, = —h,a,, sinhB, + hyay, sinf, — b sinf,  (24a)
Foy = —h, asg coshp, + Fra cosp, + Ay cosf,  (24b)

Fy3 = —t,a,5coshf, — t,a;5 cosf, + tycoshf;  (24¢c)

Fgy = t,a,6 sinhf, — t,a,¢ sinf, + 5 sinhfi, (244d)
F,3 =t a,; coshf, + t,a;, cosp, — t, cosf, (24¢)
Fy3 =t a5 sinhf, — t,a,4 sinf, — 1, sinf, (24f)

Fs4 = ta,5 coshf, + a5 cosf, — 5 coshp; (24g)

Fgy = —1 a5 sinhf, + La sinf, — tysinhf;  (24h)

Fry= —t1ay; cosP, — t,a3, cospP, + 1, cosf, (241)

Fyq = —1,ay SinhP + a4 sinf, + 1, 5inf, (249

a _Fg Fp—Fuly, a _ FgFyp—FgFy
57 — 3 =

F5\F — FsFe, * 7 Fy Fo— FoFq

dew = F5; Fgy — Fs, Fgy

8= 1T -

IfﬂFsz—Fstel

(25a)

_F52F71_F51F72

ag; = , (25b)
" Fg Fgy — F5,F
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Then £, are given by the roots of
F = (Fs3a5; + F3a67 + Fp3)(Fsqasg + Feyae + Fga)
— (Fs4as57+ Foaag7+ Fu 0 Fszass+ Fzags+ Fg3) =0 (26)

Equation (26) is, therefore, the exact closed-form trancenden-
tal functional expression from which the eigenvalues &, may
be extracted. The coupled natural frequencies are related to
these eigenvalues by the following expression:

_ (D27 k,

Computations

The extraction of the eigenvalues from the exact closed-
form transcendental expression in Eq. (26) proved to be a
very challenging computational exercise, due mainly to its
complex nature, the existence of branch points, the necessity
to order the operator roots appropriately, and the existence of
numerical noise. The characteristic roots for the equations of
motion, x,, were extracted in two different ways in order to
assure accuracy. One method was by using a Jenkins-Traub
computational method from the IMSL library. The second
method was by using an exact closed-form approach outlined
in Abramowitz and Stegun.!° When these roots are being
extracted numerically, they do not necessarily come out in a
continuous manner. Therefore, a subroutine that reorders
them so that they become continuous with respect to the
eigenvalue k, is also employed. Once this reordering of these
roots is completed, the parameters needed for computing the
transcendental function F in Eq. (26) are computed. Finally,
the transcendental expression itself is computed and the roots
k, are found numerically. _

One interesting result is that the values of F are complex
here. It is known, however, that each of the two uncoupled
problems (bending or torsion) when treated separately has a
real transcendental expression for extracting the eigenvalues.
This behavior of the transcendental expression for extracting
the coupled eigenvalues (i.e., being complex as opposed to
being real) was the first hint that led the first author to
examine any possible mathematical similarity between the
problem at hand (a coupled nondamped oscillations problem)
and a simple damped oscillations problem in which the ex-
pression for determining the eigenvalues is in general complex
due to the need to determine the oscillation frequency and the
amount of damping in the mode, etc. In the coupled problem
the complex nature of this transcendental expression for
extracting the eigenvalues seems to be basically a reflection of
the phase that normally should exist between the bending and
torsional modes. Realizing that in the damped case, there is a
nonconservative energy transfer between the oscillating sys-
tem and its environment as well as intermodal energy transfer,
it became clear to the first author that in the undamped
coupled system there may be a conservative energy transfer in
the oscillating system. The presence of an odd derivative in
Eqgs. (8a) may suggest the potential for a damping-like behav-
ior.!! At the time of this thought it seemed to the first author
that if it made sense, the idea should provide an explanation
for the modal changes noticed during the studies at Purdue
and MIT,>* as coupling in the system was changed. This
prediction, which turns out to be useful and is confirmed by
other recent studies from Purdue University,® shall be dis-
cussed in more detail.

The most convenient way to obtain the eigenvalues &, was
found to be by graphical means. Thus, the values of the real
and imaginary parts of the complex transcendental function F
are plotted against the values of k, on the same curve, as
shown in Fig. 2. The values of k, at which the real and
imaginary parts of the transcendental function are simulta-
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Real part]

Imaginary
part  —

/
/
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/

1 1.2 .4 1.6 1.8 2 2.2
- %,

Fig. 2 Variation of the transcendental function F with the eigenvalue
k, (.14, =0.638, i =0.732).

neously equal to zero correspond to the desired eigenvalues
for this coupled problem.

One of the problems with the computational model de-
scribed is that when the coupling parameter L, becomes
identically zero, the coupled system of equations becomes
computationally ill-conditioned and unsolvable. To circum-
vent this, the results for the uncoupled case (1./4, = 1) were
obtained from a series of calculations using successively
smaller values for the coupling parameter L,. This led us to
accept the values of eigenvalues for zero coupling as the value
corresponding to the limit as the coupling approaches zero.
Although this continuity assumption seems to make sense, it
is not backed by a rigorous mathematical proof. Luckily it
was possible to check these results with results generated for
an isotropic/metal aluminum/wing by MIT,>* and the agree-
ment was found to be good for the cases checked.

Results and Discussions

The natural frequencies w,, for the coupled bending-torsion
oscillations for a composite aircraft wing in the presence of
elastic coupling and warping restraint is found [as shown by
Eq. (27)] to be a function of the ratio (D,,/p)'/?, the length ¢,
and the nondimensionalized frequency parameter k, for the
wing. In this problem k,, is a function of only two parameters,
i.e., 4., which may be considered as an effective nondimen-
sionalized aspect ratio, and 1,/4., which in a way measures
the amount of elastic coupling in the wing (A, /A, = 1 for zero
coupling). It is, therefore, seen from Eq. (27) that in order to
increase @, one needs to make ¢, as small as possible and/or
make (D,,/p) and k, as large as possible. Such an exercise
may be necessary when a tailoring of the frequency is needed
to avoid instabilities (e.g., very low structural frequencies may
provide an atmosphere for a coupling between the flexible
modes and rigid-body motions, which in turn has a potential
to result in instability). This kind of tailoring is made conve-
nient through the use of Eq. (27) in which, for a particular
wing configuration and composite material, every variable in
the equation shall be known except &, and D,,. Obviously, if
we want high o, as we said earlier, D,, should be made to be
as high as possible (and of course p as low as possible). Once
this is done the only other parameter to be tailored is k,,.

The plot of k; as a function of A, and 1, is shown in Fig. 3
for all configurations having low camber to twisting coupling
and all values of bending to twisting coupling. The results
computed at MIT,>* which were used to verify the present
results, are shown in Fig. 3 as well. The important trend made
visible in this investigation, as shown in Fig. 3, is that k; (and
hence w,) decreases with increasing nondimensionalized cou-
pling L,, which perhaps may be a more effective way to
actually measure and compare elastic couplings D5 and Da.
For example, the results from MIT,** which were computed
for some representative configurations, in dimensionalized
form seem to represent systems with a fairly significant varia-
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Fig. 3 Variation of the first modal eigenvalue with effective aspect
ratio.

tion in coupling D, or D4 (depending on the coordinate
system). However, when nondimensionalized, the results
shown in Fig. 3 seem to show little variation in coupling. In
fact, they appear to be so close to the zero-coupling (4,/
l.=1) or isotropic (or metal) case, that k;, for a metal or
isotropic wing should be a good approximation (if it was
necessary to make an approximation). The low value for the
effective coupling was also evident in the nondimensionalized
results from MIT,>* where the bending frequency hardly
varied with material changes. The question that could be
asked is, therefore, “Do all possible composite wing configu-
rations result in very low effective nondimensionalized cou-
pling, (A./A, = 1)?” If the answer is “yes,” then it may be
proposed that for 4, > 0.5, k,(4.,4. /A.) may be approximated
as k,(4.,1), which is also the isotropic or metal value. For this
case it is seen that the computation of the natural frequencies
of composite aircraft wings with aeroelastic oscillations
merely requires the computation of (D,,/p) for a given wing
half-span ¢,, since k,(4.,4./4.) is approximately equal to
k,(A.,0), which is approximately equal to a constant (3.5) for
n = 1. This result should make frequency computations for
the bending mode significantly easier.

The problem with an affirmative answer, which may likely
be a “practical” answer, to the question posed is that there
does not seem to be a theoretical or rigorous analytical reason
(to the best of the authors’ knowledge) why 7. /4. must always
be approximately 1. Therefore, if the answer to our question
is negative, then the following observations may be made: 1)
Significant variation in k; is possible with variations in effec-
tive nondimensionalized coupling (Z,/4.). In fact, it can be
seen from Fig. 3 that if 7,/A, approaches zero, k, (and hence
®,) approaches zero. 2) The values of k; vary significantly
with A_ for low 4, but approach asymptotic values for large ..
3) The highest values of k, is for isotropic (metals) or
quasi-isotropic configurations. 4) For large values of 4., there
appears to be a simple, approximate (hopefully linear) rela-
tionship between k; and 4, /4. (or a measure of coupling). 5)
For very large coupling (1, /1, — 0), k; approaches zero, which
may provide the ingredient necessary for coupling between the
elastic and rigid motions.

Perhaps a number of implications of some of these observa-
tions should be examined. Observation 3 seems to imply that
the highest first frequency would correspond to isotropic or
quasi-isotropic configurations if (D, /p) and £, are the same.
It is known, however, that the metals have lower values of
(Dy/p) than composites. It therefore means that quasi-
isotropic or orthotropic configurations are desirable for such
a design goal. Observation 5 would seem to imply that if a
designer, interested in tailoring the wing frequencies, arbitrar-
ily introduces large effective nondimensionalized coupling
(A,4.—0), then &, (and hence w,) would approach zero. This
may result in coupling between flexible and rigid motions,
which may or may not lead to instabilities. If that is the case,
is there an alternative, equivalent design without any penalties
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(weight or otherwise) that could have been explored? Al-
though the answers to these questions can, strictly speaking,
only be possible after carrying out the necessary aeroelastic
analysis in which unsteady aerodynamic forces are considered,
it appears from Fig. 3 that a rough idea of the final picture
may be obtained from the natural frequency analysis. After
all, it is a common belief that the phenomena that actually
lead to aeroelastic instabilities are linked to damping and
coupling.

Modal Transformation

Earlier in this paper it was mentioned that previous studies
by other investigators have found what appeared to be some
kind of modal transformations as ply orientation was changed
in a design process for a composite wing. While variation in
ply orientation may change several directional stiffness
parameters for the wing, the coupling stiffness parameter L,
may be singled out as a significant design parameter because
it may vary considerably; orthotropic configurations have
zero values, but it may be fairly significant in other configura-
tions. Furthermore, it should be remembered that the main
reason for ply orientation variation is for “tailoring,” which is
believed to be primarily tied to couplings (D¢ and D,¢). The
absence or presence of these couplings is basically what
differentiates orthotropic configurations from anisotropic
configurations. From these observations, and the fact that the
entity that ties the bending and torsional equations is the
coupling, it became clear that the role of coupling in modal
transformations should be significant.

In order to see the role of coupling in this study, the modal
assumptions for the coupled problem were made similar to
those normally made for the uncoupled problem (e.g., the
frequency was assumed to be real) so as to provide an
opportunity to compare, contrast, and discern the final results
easily. When this was done and the eigenproblem was formu-
lated, resulting in a complex transcendental expression from
which the eigenvalues are to be extracted, a careful examina-
tion began.

A significant difference between the coupled and uncoupled
problems was that (as shown in Fig. 2) the transcendental
expression from which the eigenvalues are extracted is com-
plex for the coupled problem while it is real for uncoupled
problems. The complex nature of this transcendental expres-
sion basically reflects the fact that the bending and twisting
oscillations are generally out of phase. Therefore, the resul-
tant coupled frequency that represents both the bending and
twisting oscillation may be viewed as some kind of vector
representation of the individual contributions. In order to
formulate some explanations for the phenomenon of modal
transformation in coupled (conservative) systems, it may be
necessary to compare and contrast coupled systems with
damped systems. Damped systems by definition are noncon-
servative; i.e., the system experiences a net loss or gain in
energy. It is well known that in a damped system the transcen-
dental expression for extracting the eigenvalues is complex,

--- extrapolated results

- + results from Figure 3
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Fig. 4 Empirical (asymptotic) relationship between the first modal
eigenvalue and effective coupling (4, — o).

AIAA JOURNAL

again due to the phase angle that exists between the damping
force and the conservative forces in the system. It is also
known that some desirable types of damping would tend to
reduce the oscillation of the system; the nondesirable types
tend to make the oscillations diverge. Therefore, since damp-
ing is linked to some energy transfer that in turn tends to lead
to a change in the oscillation frequencies, it was thought that
the complex nature common to the coupled and damped
system determinants (transcendental functions) from which
the eigenvalues are extracted may be a similarity that may
provide some explanations to the modal transformations in
coupled systems. Using the similarity argument, the coupled
system, which for the present problem is conservative, may be
viewed as having some conservative intermodal energy trans-
fer within the system when the coupling is changed, resulting
in steady-state changes or transformations of the modal en-
ergy content of a coupled mode compared to the uncoupled
case. It may be worthwhile to point out that some results
recently obtained at Purdue University® and communicated to
the authors seem to support this hypothesis strongly.

Empirical Relations

A careful study of Fig. 3 has led the authors to propose the
following closed-form asymptotic relationship that may be
useful for some preliminary design consideration:

k, =35, /4.), A, >3.0 (28)
Equation (28) was derived from Fig. 4. Equation (28) as well
as Eq. (27) show that the first coupled frequency decreases
with increasing coupling, a trend that seems to be supported
by new results from Purdue University® and the data from
MIT.? In Ref. 3, e.g., the first nondimensionalized frequency
computed by Rayleigh-Ritz (in which coupling is zero) had a
value of 3.52, which is consistently higher than those com-
puted by the finite-element method in which coupling is finite
(not equal to zero). Equations (27) and (29), which are
closed-form (generally rare for anisotropic systems), should
be easy to use.

Before this discussion is concluded, it is probably necessary
to explain why only the results of the first mode are shown in
this paper. First of all it should be pointed out that some
second-mode data have been generated but are still being
studied very critically to understand the general trends. It may
also be pointed out that the extraction of the eigenvalues is a
little challenging, since some care is needed in ordering the
roots of the operator equations.

Concluding Remarks

This paper has attempted to present exact closed-form
solutions to the coupled bending-torsion vibration problem
for a simplified model of composite aircraft wings with warp-
ing constraint. Increasing the coupling was found to decrease
the first coupled frequency. A comparison between the cou-
pled problem and a sample damped problem led the authors
to propose some explanation to the “modal transformation”
phenomenon found by earlier investigators. Some simplified
closed-form expressions are provided for the first coupled
frequencies that may be useful for fast applications.
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